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Abstract

Theoretical foundation is laid out for description of permutation symmetry in
the inelastic scattering processes that involve collisions of two identical
molecules, within the framework of the mixed quantum/classical theory
(MQCT). In this approach, the rotational (and vibrational) states of two
molecules are treated quantum-mechanically, whereas their translational
motion (responsible for scattering) is treated classically. This theory is applied
to H2 + H2 system, and the state-to-state transition cross sections are
compared versus those obtained from the full-quantum calculations and
experimental results from the literature. Good agreement is found in all
cases. It is also found that results of MQCT, where the Coriolis coupling is
included classically, are somewhat closer to exact full-quantum results than
results of the other approximate quantum methods, where those coupling
terms are neglected. These new developments allow applications of MQCT to
a broad variety of molecular systems and processes.

I Introduction
In the feature article published in JPC A a few months ago,1 we
outlined the history of and recent advances in the development and
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applications of the mixed quantum-classical theory (MQCT) for
inelastic scattering. In this method for description of molecular
collisions the internal (rotational, vibrational) states of collision
partners are treated using time-dependent Schrodinger equation, while
their relative (translational) motion is treated using classical
trajectories.2-8 Energy is exchanged between vibrational, rotational,
and translational degrees of freedom, but the total energy is
conserved.9-13 The corresponding theory for all relevant cases, starting
with the simplest diatomic + atom, and going to the most general
molecule + molecule case, including collision of two asymmetric-top
rotors, has been recently developed. Careful benchmark studies have
also been carried out for several diatomic molecules, such as CO +
He,13 N2 + Na,4 and H2 + He,5 triatomic H2O + He,6 tetra-atomic CH3 +
He,1 and polyatomic molecule7 HCOOCH3 + He (all collided with an
atom) and also for one molecule + molecule system, N2 + H2.8 These
calculations included collisions of light and heavy collision partners, at
low and high collision energies (in a broad range from 1 to 104 cm–1),
near threshold for excitation and for the quenching processes that
have no threshold, for both rotational and vibrational transitions of
total and differential scattering cross sections (including forward
scattering), at low levels of rotational excitation and for highly excited
cases (e.g., j = 22), running the fully coupled MQCT calculations and a
simplified (coupled-states) version of MQCT.
It was found that at high collision energies this method is
accurate, often giving results identical to those of accurate fullquantum close-coupling calculations. At moderate collision energies
(typical of room temperature and below) differences on the order of
10% have been observed for some of the systems listed above. At low
collision energies predictions of MQCT are often less accurate,
particularly near threshold energy, but even there they remain
reasonable (within 30%; see figures 10 and 11 in ref 1). It is still not
clear whether the MQCT approach is suitable for the description of
individual scattering resonances, but we saw that when resonances are
multiple and narrow4,8 MQCT describes well the nonresonant
“background” value of scattering cross section, while when the
resonances are broad and overlapping6,8 MQCT gives an averaged over
resonances behavior.
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Importantly, the computational cost of MQCT is much lower
compared with the cost of full-quantum coupled-channel scattering
calculations, and it scales more favorably with increasing complexity of
the problem (collision energy, number of internal states, maximum
value of total angular momentum Jmax).1,6-8 This allows treating
collisions of more complicated molecular systems than was previously
possible, including small organic molecules, such as HCOOCH3 and
triatomic + triatomic systems. Demands for such inelastic scattering
calculations are significant nowadays due to the needs of
astrochemical community14-21 and also in other fields such as
atmospheric chemistry9-11,22,23 and combustion.24,25
To enable broad and general applications of MQCT to the
important problems in various fields, we still have to demonstrate that
this method is able to reproduce (with sufficient accuracy) several
quantum phenomena important in scattering. As we outlined in the
recent feature article,1 one of these remaining challenges was the
description of identical particle scattering. Indistinguishability of
collision partners imposes symmetry constraints onto the wave
function of the system, which is important in all scattering regimes
(low and high collision energy), for all systems (light and heavy), and
for all state-to-state transitions and manifests in all kinds of
observables. Thus, incorporation of the exchange symmetry into MQCT
is very much needed. Examples of the systems where this feature is
essential include H2 + H2,26 CO + CO,27 NH + NH28 and many other
diatomic molecules and also triatomic molecules, such as H2O + H2O29
or HCN + HCN,30 to name just a few. Theoretical prediction of cross
sections for rotational excitation and quenching of these (and many
other) molecules is needed, for example, for interpretation of spectra
emitted by various kinds of astrochemical objects, such as cold
molecular clouds, prestellar cores, and cometary comas.14-19
We propose how this symmetry can be built into MQCT
calculations, and we demonstrate that it works really well for the case
of H2 + H2, which is the lightest and most quantum (rather than
classical) system. To our best knowledge this has never been done in
the past.
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II Theory
Probability distribution is an observable moiety, and it should
not change under swap of two identical particles. This means that
wave function of the system should either remain the same or change
its sign under this operation. In MQCT this wave function depends on
quantum degrees of freedom that include, in the case of rotationally
inelastic scattering, the angles needed to describe individual
orientations of colliding molecules. For a diatomic + diatomic system,
those are r1 = (r1,θ1,φ1) and r2 = (r2,θ2,φ2) or using a composite
notation r = (r1,r2). The TOC graphic illustrates that these quantum
degrees of freedom are defined in the so-called body-fixed (BF)
reference frame, tied to the molecule–molecule vector Q, the evolution
of which is treated classically in the space-fixed (SF) reference frame.
Note that, although here we focus on rotational transitions only, we
still include, for generality, the bond length of each molecule because
this allows describing vibrational states and, in the future, will permit
us to study ro-vibrational transitions. The total time-dependent wave
function of the system is expressed in MQCT as follows (in atomic
units)

(1)
where anm are time-dependent expansion coefficients, Ψnm is the basis
set of rotational eigenstates of the system, and En is their
corresponding energy eigenvalue. Index n is a composite index that
labels states, and its meaning depends on the system. For a diatomic
+ diatomic case n ≡ {j1j2j}, where j1 and j2 are angular momenta of
individual molecules, while j represents the total angular momentum
of two molecules, j = j1 + j2, which is also quantized in MQCT: |j1 – j2|
≤ j ≤ j1 + j2. The meaning of m is projection of j onto the molecule–
molecule vector Q, which plays the role of the z axis in the BF
reference frame (see TOC image). Energy En of an eigenstate depends
on n only and does not depend on m.
The rotational eigenstates Ψnm(r) ≡ Ψj1j2jm(r1,r2) are analytic for
diatomic + diatomic systems and are expressed through spherical
harmonics of two molecules using Clebsch–Gordan coefficients.31 In
the case of nonidentical molecules, say AB + CD, we use8
Journal of Physical Chemistry A, Vol 120, No. 22 (2016): pg. 3861-3866. DOI. This article is © American Chemical Society
and permission has been granted for this version to appear in e-Publications@Marquette. American Chemical Society
does not grant permission for this article to be further copied/distributed or hosted elsewhere without the express
permission from American Chemical Society.

5

NOT THE PUBLISHED VERSION; this is the author’s final, peer-reviewed manuscript. The published version may be
accessed by following the link in the citation at the bottom of the page.

(2)
In the case of identical molecules, say AB + AB, under swap of
the molecules 1 and 2, this expression transforms as follows

(3)
Note that here we replaced r1 by – r1, and r2 by – r2, because
under this swap the direction of the molecule–molecule vector Q in the
SF reference frame also changes, (X,Y,Z) → (−X,–Y,–Z), and thus
orientation of the entire BF reference frame changes with respect to
the SF reference frame (see TOC image). Using this transformed
version, the symmetrized wave function of given parity can be written
as

(4)
Symmetrized states of positive and negative parity are
degenerate if the set of quantum numbers n = {j1j2j} is the same.
Using these states in the expansion of eq 1, substituting this
expansion into the time-dependent Schrodinger equation, and using
the Ehrenfest theorem leads to a set of coupled differential equations
for time evolution of probability amplitudes anm, which are exactly
equivalent to the MQCT equations previously reported,1,2,5,8 except that
now the state-to-state transition matrix is different, as explained next.
Consider the transition from the initial state n = {j1j2j} to the
final state n′ = {j1′j2′j′}. For the case of nonidentical collision partners
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the corresponding state-to-state transition matrix elements Mn′n for
diatomic + diatomic system were derived in our recent paper (see
equation 16 in ref 8). Using those, the matrix elements of given parity
Mn′n(±) for collision of identical molecules can be conveniently
expressed as follows

(5)
where ñ = {j2j1j} is obtained from n by permutation of j1 with j2. From
eq 4 it follows that Ψ±ñm is different from Ψ±nm just by an overall sign
change; that is, they are practically equivalent. Thus, the basis set size
in eq 1 can be effectively reduced by a factor of roughly two
(compared with the case of nonidentical molecules) to include only the
states with j1 > j2; however, two independent sets of MQCT
calculations are needed, with basis sets of each parity. Still, the
reduction of matrix size has a dominant effect, which makes MQCT
calculations for identical molecules less expensive, compared with the
case of nonidentical molecules. The states with j1 = j2 are all special
because they require only one set of calculations, with either even or
odd parity basis functions, depending on the value of total j. This is
because the second of those wave functions vanishes, according to eq
4.
Classical-like equations for evolution of the molecule–molecule
vector in the SF reference frame also remain identical to those that we
recently published,1,2,5,8 except the form of state-to-state transition
matrix (as explained above) and its gradients. Note that the relative
(orbital) angular momentum of two collision partners and the total
angular momentum of the system J are classical moieties within MQCT
framework. They are sampled continuously, uniformly, and randomly
through the ranges 0 ≤ J ≤ Jmax and |J – j| ≤ ≤ J + j and are not
quantized.1,2,5,8 In contrast, in the full-quantum calculations is
quantized, and, in the case of identical-particle scattering, its value
affects the symmetry of the total wave function. Namely, instead of
the factor of (−1)j in eq 4 of MQCT, the full-quantum version of this
formula contains a factor of

, where is included (see, for
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example, equation 14 in ref 31). Because of this, the full-quantum
calculations for identical-particle scattering are done with basis
functions of different parities for even and odd values of (depending
on the value of j1 + j2 + j in a given state). To mimic this effect within
MQCT framework we see to options. One option, similar to “binning”
used in the classical trajectory simulations, would be to include 50% of
MQCT trajectories (say, with closer to even integers) in the
calculations for one parity and the remaining 50% of MQCT trajectories
(say, with closer to odd integers) in the calculations for the other
parity. Alternatively, one could sample continuously in exactly the
same way for two independent MQCT calculations of both parities
(without pretending that is quantized) but, at the end, to divide the
resultant transition probabilities by two. In the classical scattering limit
≫ 1 the two options should give similar results if properly converged.
The first option may be closer to quantum interpretation in the case of
small . We employed the second option because the idea of binning
seemed to be less general.
Initial conditions for MQCT calculations are set up by specifying
anm = 1 for the initial state, where n = {j1j2j}. The values of probability
amplitudes an′m′, where n′ = {j1′j2′j′}, at the final moment of time
(after the collision) are used to compute the corresponding state-tostate transition cross sections as follows

(6)
In short, the inner parentheses in this equation contain a sum of
transition probabilities over the final degenerate states m′ of each final
state j′ varied in the range |j1′ – j2′|≤ j′ ≤ j1′ + j2′ for a given pair of
the final j1′ and j2′. Those are averaged, by two outermost sums in eq
6, over the degenerate initial states. There are 2j + 1 of such initial m
states for each initial j, with j taking values in the range |j1 – j2| ≤ j ≤
j1 + j2, which results in (2j1 + 1)(2j2 + 1) degenerate initial states total
for a given pair of the initial j1 and j2, which shows up in the
denominator of eq 6 for the overall average.
Sampling of the initial classical conditions for MQCT trajectories
has already been discussed in our previous publications.1,2,5,8 Index i in
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eq 6 labels N collision trajectories in a batch, and MQCT cross section
is averaged over those as well. This is done by the sum in the middle
of eq 6, which replaces summation over in the corresponding fullquantum expression for cross section. The factor of 1/2 in front of the
sum symbol appears only in the case of identical-molecule scattering,
as we discussed above. Equation 6 is used to compute σj1j2j1′j2′(+) and
σj1j2j1′j2′(−) in two sets of independent calculations, then σj1j2j1′j2′ =
σj1j2j1′j2′(+) + σj1j2j1′j2′(−).
It should also be mentioned that the internal symmetry of each
collision partner is fully incorporated into MQCT in a straightforward
way through the elements of state-to-state transition matrix Mn′n.
Some elements of this matrix vanish (due to integration of the product
of symmetric and antisymmetric functions), naturally leading to
forbidden transitions. This is entirely equivalent to the full-quantum
theory. For example, in homonuclear diatomic molecules only the
transitions with Δj = ± 2 are allowed.4,5,8 Here we consider para-H2 in
the initial state j = 0. So, the allowed final states will have even values
of the angular momentum quantum number, such as j = 2, 4, 6, etc.
Allowed versus forbidden transitions have also been discussed for
triatomic6 and tetra-atomic1 molecules with identical atoms, all within
MQCT framework.

III Results and Discussion
As one can see, incorporation of permutation symmetry into
MQCT is possible, and it does not require any additional numerical
effort. In this study we considered the case of H2 + H2 and employed
the potential energy surface (PES) of Boothroyd et al.32 In the past,
full-quantum calculations of H2 + H2 rotationally inelastic scattering
have been done on this surface by three different groups,33-36 and
those references are used here as a benchmark. Figure 1 reports cross
sections for excitation of the ground rotational state (j1j2) = (0 0) into
several excited rotational states: (j1′j2′) = (2 0), (2 2), (4 0) and (4 2),
in a broad range of collision energies (note that in the case when the
initial state is the ground rotational state only one set of calculations,
that of positive parity, is needed: σj1j2j1′j2′ = σj1j2j1′j2′(+)). Dependencies
of cross sections on collision energy presented exhibit threshold at low
energies and tend to plateau at higher energies (see Figure 1). FullJournal of Physical Chemistry A, Vol 120, No. 22 (2016): pg. 3861-3866. DOI. This article is © American Chemical Society
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quantum results of Lee et al.33,34 are shown by dashed line, and our
MQCT results are shown by green symbols. We see that comparison is
very good through the entire range of collision energies and for all
transitions. At higher collision energies the differences on the order of
∼10% are observed for excitation of state (4 0) and some larger
deviations for state (4 4). Usually, MQCT is more accurate at higher
energies, so some nonvanishing deviations in that regime signal about
possible differences in representation of the potential energy surface.

Figure 1. Inelastic cross section, as a function of energy in a broad range, for
transitions into five lowest excited rotational states in H2 + H2 system, starting from
the ground rotational state (0 0). Final state is indicated in the upper left corner of
each frame. Full-quantum results of Lee et al.33 are shown by dashed line, and our
MQCT results are shown by green symbols. Reproduced with permission from ref 33.
Copyright 2006 AIP Publishing LLC.

For these calculations we expanded the PES of ref 32 over a
symmetrized basis set of spherical harmonics, just as Lee et al.33 did.
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But we noticed that for convergence of numerical quadrature we
needed more points than were used by Lee et al.33 (25 in our
calculations vs 10 points in their). So, our R-dependent coefficients
were slightly different from those presented in figure 2 of ref 33 Also,
we noticed that eq 12 of Lee et al.33 (or the same PES expansion of
Diep et al.37) was different from the original formula of Green (see
equation 4 in ref 31), which is how the PES should be fed into the
MOLSCAT38 code. So, it looks like the differences observed in Figure 1
at high energies for transitions into (4 0) and (4 4) are, most probably,
due to some differences in PES representation.
Figure 2 focuses on the low-energy regime for excitation of
states (j1′j2′) = (2 0), (2 2) and (4 0), starting from the ground state
(j1j2) = (0 0). Three sets of the full-quantum calculations are
presented. Solid line represents results of time-independent coupledchannel calculations of Lee et al.33 (same data as in Figure 1), and
these data may be regarded as “exact”. The dashed line represents
results of Gatti et al.,35 obtained using the time-dependent wave
packet technique that, in principle, is also expected to be very
accurate. The dotted line represents older results of Lin and Guo36
obtained using an approximate method, with Coriolis coupling term
neglected. One can see that out of three approximate methods our
results (green dots) are closest to the “exact” results of Lee et al.33
This underlines the importance of inclusion of the Coriolis coupling
terms, which is done in MQCT in the mixed quantum/classical fashion
but appears to work really well even for the lightest, most nonclassical
molecule + molecule system, H2 + H2. For heavier molecules MQCT is
expected to work even better.
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Figure 2. Inelastic cross section as a function of energy, with low-energy range
emphasized, for excitation of three rotational states of H2 + H2 system, starting from
the ground rotational state (0 0). Final state is indicated in the upper left corner of
each frame. Full-quantum results of Lee et al.34 are shown by solid line, and our MQCT
results are shown by green symbols (same data as in Figure 1). Results of Gatti et
al.35 (dashed line) and of Lin and Guo36 (dotted line) are also included. Reproduced
with permission from ref 34. Copyright 2007 AIP Publishing LLC.

Figure 3 compares results of several theoretical methods against
experimental data of Bauer et al.39 (large symbols with error bars) for
the elastic scattering channel, (j1j2) = (j1′j2′) = (0 0). All theoretical
data show good agreement with experiment, but some show more
oscillations than observed in the experiment, where the dependence is
rather smooth. MQCT results are certainly closer to experimental data
than some of the previous results and are comparable to more recent
theoretical data presented in Figure 3.
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Figure 3. Elastic scattering cross section as a function of energy for the ground
rotational state (00) of H2 + H2 system. Our MQCT results are shown by green
symbols; experimental data of Bauer et al.39 are shown by large symbols with error
bars. Solid, dashed, and dotted lines represent results of calculations using different
quantum methods and potential energy surfaces, as discussed by Lee et al.33
Reproduced with permission from ref 33. Copyright 2006 AIP Publishing LLC.

It should be noted that some experimental data, at lower
collision energies, are also available for the inelastic transition (00) →
(20) in H2 + H2, from the work of Mate et al.40 It was shown, however,
that the BMKP PES of Boothroyd et al.32 (employed here for benchmark
purposes) disagrees with these experimental data. Another PES for H2
+ H2 called DJ37 is known to agree well with experimental data of Maté
et al.,40 but the range of validity of that PES is limited to collision
energies below 3000 cm–1. For this reason, the BMKP surface was
chosen for the broad-range benchmark studies of this work, up to 2
eV, or ∼16 000 cm–1.

IV Conclusions
Without the proper treatment of exchange symmetry, developed
and tested in this article, the level of agreement that we see in Figures
1–3 between MQCT and the full-quantum calculations or experiments
would be impossible. This development permits us to carry out in the
near future the calculations of rotationally inelastic scattering in such
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complex systems as H2O + H2O and calculations of ro-vibrationally
inelastic scattering in many diatomic + diatomic systems, which
carries both fundamental and applied importance. Moreover,
comparisons presented in Figure 2 indicate that results of the fully
coupled MQCT (with Coriolis coupling included) are superior to results
of the approximate quantum coupled-states calculations, where the
corresponding coupling terms are omitted to reduce numerical cost. It
is a very important conclusion that it is better to include this type of
interaction classically within MQCT framework rather than neglect it
completely. This finding has rather broad applications as well, in
various subfields of the chemical reaction dynamics, beyond the
rotationally inelastic scattering.
The authors declare no competing financial interest.
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